Recently, Ekhad and Zeilberger [4] presented an improved lower bound for the "connective constant" of ternary square-free words. Their bound of 2 1/17 is proven by constructing a "Brinkhuis triple-pair" of length 18. By presenting a Brinkhuis triple-pair of length 17, we show that, within the same particular class of Brinkhuis triples, the optimal bound is actually 2 1/16 .
A square-free word w is a word that, for any non-empty word v, does not contain the "square" vv as a sub-word. In other words, w cannot be written as avvb for any words a and b and a non-empty word v; see various articles in reference [6] for a general introduction to the topic, and Steven Finch's mathematical constants site [5] for latest developments and references.
Whereas there are only few square-free words on a two-letter alphabet A = {0, 1}, the longest being the words 010 and 101 of length n = 3, the number a(n) of ternary square-free words of length n grows exponentially with n. This was proven by Brinkhuis [3] and Brandenburg [2] who showed that a(n) grows at least as 2 n/24 and 2 n/21 , respectively, see also the discussion in reference [1] . Recently, this result was improved by Ekhad and Zeilberger [4] who proved a lower bound of 2 n/17 for a(n).
The sequence a(n) of the numbers of n-letter ternary square-free words, starting 1,3,6,12,18,30,42,..., is listed in The Encyclopedia of Integer Sequences [7] as M2550 (sequence A006156 in the On-Line Encyclopedia of Integer Sequences [7] . Currently, the longest list of values can be found in reference [1] which contains a(n) up to length n = 90. This enumeration yields an upper bound for the socalled connective constant, which is defined as the limit of a(n) 1/n as n goes to infinity. This limit exists because the number a(n + m) of square-free words of length n + m is smaller or equal to the product a(n)a(m). Whereas the upper bound obtained in this way is relatively close to the actual value of the connective constant, which is estimated to about 1.30176 on the basis of the first 90 values [1] , the lower bounds are far off: the largest lower bound in the literature is 2 1/17 = 1.0416 . . . [4] .
The well-known method to establish a lower bound is based on the following idea. One constructs uniformly growing morphisms on ternary words that map square-free words into square-free words, such that, starting from any square-free word of length n, one derives a large number of mutually different square-free words of length k · n. Following reference [4] , we define:
A k-Brinkhuis triple-pair {{U 0 , V 0 }, {U 1 , V 1 }, {U 2 , V 2 }} thus consists of two square-free morphisms U and V that map a single letter to a square-free word of length k. The properties B1 and B2 guarantee that every square-free word w of length k gives rise to 2 n different square-free words of length k · n by applying either U or V to each letter of w, see [3] . Therefore, the number a(k · n) of square-free words of length k · n is at least 2 n · a(n), as there are two choices for any of the n letters in w. This immediately implies that the connective constant is at least 2 1/(k−1) .
Proposition:
The following words constitute a 17-Brinkhuis triple-pair:
Proof: Check B1 and B2 explicitly! Corollory: The connective constant of square-free ternary words is at least 2 1/16 = 1.04427...
Remark 1:
The above 17-Brinkhuis triple-pair has the same structure as the 18-Brinkhuis triple-pair of Ekhad and Zeilberger [4] , in the sense that the words U 1 , V 1 , and U 2 , V 2 , are obtained from U 0 , V 0 , respectively, by permutations of the three letters. Thus, we did not relax the restrictions on the words in comparison to reference [4] , but our result belongs to the same class of Brinkhuis triple-pairs. Within this class, we checked that it is indeed the shortest Brinkhuis triple-pair, i.e., any k-Brinkhuis triple-pair where the words U 1 , V 1 , and U 2 , V 2 , are obtained from U 0 , V 0 by a permutation of letters have length k > 16. This still leaves room for possible improvements if this condition is relaxed, as speculated by Ekhad and Zeilberger [4] . However, we have good reasons to believe that k = 17 is indeed optimal for any choice of words U 0 , U 1 , U 2 , V 0 , V 1 , V 2 , i.e., there are no k-Brinkhuis triple-pairs with k < 17. This is work in progress.
Remark 2: The 17-Brinkhuis triple-pair shows another interesting feature. In contrast to Brinkhuis' original 25-Brinkhuis triple-pair [3] , the words U 0 and V 0 are not palindromic. This further, superfluous restriction was also dropped by Ekhad and Zeilberger [4] . However, both our result and the 18-Brinkhuis triplepair of Ekhad and Zeilberger [4] have the property that the pair is invariant under inverting the words, because U 0 and V 0 are mapped onto each other.
In spite of our first remark, further improvements of the lower bound are certainly possible, so this will definitely not be the last word on this issue.
